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Abstract 



We study the large-time behavior of the free boundary position capturing the 
one-dimensional motion of the carbonation reaction front in concrete-based 
materials. We extend here our rigorous justification of the -y/t-behavior of 
reaction penetration depths by including non-linear effects due to deviations 
■ from the classical Henry's law and time-dependent Dirichlet data. 
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1. Introduction 



^ ' In this paper, we deal with the following initial free-boundary value prob- 

■ ■ lem: Find {s,u,v} such that 

QsiT) = {(t,x)|0 <x< s{t),0< t < T}, 

ut - = f{u, v) in Qs{T), (1) 

vt - ifi2Vx)x = -f{u, v) in QsiT), (2) 

u{t, 0) = g{t),v{t, 0) = h{t) for < t < T, (3) 

u{0,x) = uq{x),v{0,x) = Vo{x) for < X < So, (4) 

s'm= j^sit)) = ^(w(t, sm for < t < T, (5) 
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Kiu^{t,s{t)) = -ip{u{t,s{t))) - s'{t)u{t,s{t)) forO<t<r, (6) 
K2V^it, s{t)) = -s'{t)v{t, s{t)) for < t < T, (7) 
s{0) = So, (8) 

where T > 0, ki and K2 are positive constants, / is a given continuous 
function onR^, g and h are boundary data, Uq, Vq and Sq are initial data and 
?/'(r) = KqI [r]"*"!*^ where kq > and p > 1 are given constants. Here u and v 
represent the mass concentration of carbon dioxide dissolved in water and in 
air, respectively, while s(t) denotes the position of the penetration reaction 
front in concrete at time t > 0. The interface s separates the carbonated 
from the non-carbonated regions. 

We denote by P(/) the above system ([I]) ~ ([H])- P(/) describes to so called 
concrete carbonation process, one of the most important physico-chemical 
mechanisms responsible for the durability of concrete structures; see [H, 0] 
for more details of the civil engineering problem. 

The target here is to study the large-time behavior of weak solutionJ^ 
in the presence of macroscopic nonlinear Henry's law and time- dependent 
Dirichlet boundary conditions. To get a bit the flavor of mathematical in- 
vestigations of the effects by Henry's law for this or closely related reaction- 
diffusion systems, we refer the reader to [sl (linear Henry's law) and [3, 0] 
(micro- and micro-macro Henry-like laws). Essentially, we are able to present 
refined estimates that extend the proof of the rigorous large-time asymptotics 
beyond the settings that we have elucidated in [g], 0]- In practical terms, we 
show that there exist two positive constants c* and C*, depending on all 
material parameters and initial and boundary data, such that 

c^Vi < s{t) < C^Vt + 1 for t > 0. (9) 

Based on (jO]), we can now explain that the deviations of carbonation fronts 
from the Vt-law emphasized in jsl are certainly not due to eventual nonlinear- 
ities arising in the productions by Henry's law nor due to the time-changing 
(local) atmospheric dioxide concentrations. Therefore, there must be other 
reasons for this to happen. However, we prefer to not give rise here to many 
discussions in this direction. We just want to mention a first plausible rea- 
son: Depending on the cement chemistry, the carbonation reaction might 



^This is the way we translate the concept of "material durability" in mathematical 
terms. 
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not be sufficiently fast to justify a free-boundary formulation. This fact may 
naturally lead to a variety of different large-time asymptotics. 

The reminder of the paper focuses on justifying rigorously the upper and 
lower bounds on the interface position s{t) as indicated in (j9]). 



2. Technical preliminaries. Statement of the main theorem 

We consider P(/) in the cylindrical domain Q(T) := (0,T) x (0,1) by 
using change of variables in order to define a solution with usual notations: 
Let 

u{t, y) = u{t, s{t)y) and v{t, y) = v{t, s{t)y) for {t, y) G Q(T). (10) 
Then, it holds that 

Ut - '^Uyy - —yUy = f {U , V) 111 Q (T) , 

S'^ s 

Vt - '^Vyy - -yVy = - f {U , V) lU Q (T) , 

S'^ s 

u{t, 0) = g{t),v{t, 0) = h{t) for < t < T, 
s\t) = i;{u{t, 1)) for < t < T, 

'^^ Uy{t, 1) = s'{t)u{t, 1) + s'{t) for < t < T, 



sit) 

/«2 



Vy{t, 1) = s'{t)v{t, 1) for < t < T, 



s{t) 

s(0) = So, u{0, y) = uo{y),v{0, y) = vo{y) for < y < 1, 

where uo{y) = uo{soy) and vo{y) = vo{soy) for y e [0, 1]. 

For simplicity, throughout this paper we introduce the following notations 
related to some function spaces: We put H := L^(0, 1), X := {z E H^{0, 1) : 
z(0) = 0}, \z\x = \z^\h for z G X, V{T) = L-(0, T; H) n L\Q, T; H\0, 1)), 
^0(7") = V{T) n L'^{0,T;X) and \z\v(t) = \z\l-°(o,T;H) + \z\l2(o,T;X) for z G 
V{T). Also, we denote by X* and (■, ■)x the dual space of X and the duality 
pairing between X and X*, respectively. 

By using these notations we define a weak solution of P(/) in the following 
way: 

Definition 2.1. Let s be a function on [0,T] and u, v be functions on Qs{T) 
for < T < oo. We call that a triplet {s,u,v} is a weak solution of P{f) on 
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[0,T] if the conditions (SI) ~ (S5) hold: 

(51) sE W^'°°{0,T) with s>0 on [0,T], {u,v) e {W^'^{0,T;X*) nV{T) D 
L^{Q{T))f. 

(52) u-g,v-h e L\0,T;X), s(0) = sq, u{0) = uq andv{0) = vq on [0,so]- 

(53) s'{t) = ij{u{t, s{t)) for a.e. t E [0,T]. 

(S4) 

f {ut{t),z{t))xdt+ f -^uy{t)zy{t)dydt+ f {^u{t,l)+^)z{t,l)dt 
Jo Jq{t) s yt) Jq s[t) s[t) 

= [ {f{u{t),v{t)) + ^yuy{t))z{t)dydt forzEV^{T). 

(S5) [ {vt{t),z{t))xdt+ [ -^vy{t)zy{t)dydt+ [ '^v{t,l)z{t,l)dt 
Jo Jq{t) s \t) Jo ^v-) 

= / {-f{u{t),v{t))+'^yvy{t))z{t)dydt forzEVo{T). 
Jq(t) 'Sirj 

Moreover, let s be a function on (0, oo), and u and v be functions on Qg := 
{{t,x)\t > 0, < a; < s{t)}. We say that {s,u,v} is a weak solution of P{f) 
on [0, oo) if for any T > the triplet {s,u,v} is a weak solution of P{f) on 

[o,r]. 

Next, we give a list of assumptions for data as follows: 
(Al) /(m, v) = (f){^v — u) and is a locally Lipschitz continuous and 
increasing function on IR with 0(0) = and 

0(r)r > C^|r|^+« for r e R, 

where g > 1 and is a positive constant. 

(A2) g,hE VF'/„c([0,cx))) n L°°(0,oo), < £/o < > on [0,cx)), and 
g — g^.h — E M^^'^(0, oo), where g^, g^ and /i^, are positive constants with 

= g*- 

(A3) So > and Uq^Vq E L°°(0,So)) Uq,Vq > a.e. on (0,So)- 

Our main result is as follows: 

Theorem 2.2. // (Al), (A2) and (A3) hold, then the problem P{f) has a 
weak solution {s, u, v} on [0, oo). Moreover, there exist two positive constants 
c* and such that 

c^\rt < s{t) < C^t + 1 for t > 0. 
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In order to prove Theorem 12.21 we introduce the following notations: For 
m > we put 

0(m) for r > m, 
(pmii") = { (p{r) for |r| < m, 
(j){—m) for r < — m, 

and fm{u,v) = (pmiiv — u) for {u,v) G R^. Obviously, for each m > cpm 
and fm are Lipschitz continuous. Then, we can denote by Cm the common 
Lipschitz constant of (pm and fm- 

Let s G W^''^{0, T) and m > 0. By using these notations we consider the 
auxiliary problem SPm{s,Uo,Vo):= { (fTTj) ~ (fT6|) }. 

Ki s' 

Ut - -^Uyy - —yuy = fm{u, v) ui Q (T) , (n) 

'>^t - "^Vyy - ^yVy = -fm{U,V) 111 Q (T) , (u) 

u{t, 0) = g{t),v{t, 0) = h{t) for < t < T, (13) 
'^^ Uy{t, 1) = s\t)u{t, 1) + i;{u{t, 1)) for < t < T, (14) 



s{t) 

-^Vyit, 1) = s'it)v{t, 1) for < t < T, (15) 
m(0, y) = uoiy),v{0, y) = vo{y) for < y < 1, (16) 

where Uq and Vq are given functions on the interval [0, 1]. 

Relying on the basic properties of the solutions to SPm(s,Moi^o) (as in- 
dicated in the next section), we will be able prove our main result, that is 
Theorem 12. 2| in the last section of the paper. 



3. Basic results for the auxiliary problem SP^(s, Hq, t^o) 

We begin the section by showing a first result concerned with the solv- 
ability for the problem SPm,(s, Uo,Vo). 

Proposition 3.1. Let m > 0, T > 0, s e W^^\0,T) with s(0) > and 
s' >Q on [0, T], g,he W^'^{0, T), uq- g{0) G X and vq - h{0) G X. Then 
there exist one and only one pair {u, v) G (VF^'^(0, T; H)nL°°{0, T; H^{0, l))n 
L^(0, T; if^(0, 1)))^ satisfying ( flT]) ~ [Td\) in the usual sense, that is, {u,v) 
is a unique solution of SPm{s,Uo,vo) on [0,T]. 
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We can prove this proposition in a way quite similar to the working strat- 
egy illustrated in the proofs from Section 2 in j3|. Essentially, we rely on a 
Banach's fixed point argument. We omit here the proof and refer the reader 
to 3. 

As next step, we establish the positivity and the existence of upper bounds 
for a solution of SPm,(s, Uq, Vq). 

Lemma 3.2. Under the same assumptions as in Proposition \3.1\ let {u, v) 

be a solution of SPm{s,UQ,VQ) on [0,T]. If < Uq < and < Vq < v^^ on 
[0, 1], < g < and < h < on [0,T] and = 'jv^, where and 
are positive constants, then 

< u < u^,0 < V < on Q{T). 

Proof. We multiply (fTTl) by — [— ^i]^ to obtain 



+ \[-u]t\'dy - l)[-u{., 1)]- 



= - (pmijv - u)[-u]^dy - — / yuy[-u]+dy a.e. on[0,T]. 
Jo Jo 

Here, we note that 

< C^(7 + l)(|[-t;] + [-t.]+ + |[-M]+|2) a.e. onQ(r), 

and 

ij{u{-, l))[-ui-, 1)]+ = a.e. on Q(T). 
Then, it follows that 

^|lM]lH + ^l[-<lH<^^ir.(IMl^ + |[-^] + l?,) a.e. on [0,r], 
where Ci„ = 2C„(7 + 1) + 2^|s'lioo(o,T)- 
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Similarly, we can show that 

^|lMl^ + 0IM^I?.<^2m(IM + ||+|[-n] + |^) a.e. on [0,T], 

where = 2(7^(7 + 1) + '^\^'\\°o{qt)- From the above inequalities Gron- 
wall's lemma implies that [— w]''" = and [— "^^J^ = a.e on Q{T), that is, 
u > and v > a.e. on Q{T). 

From now on we shall show the boundedness of the solutions. First, 
by (A2) and (A3) we can take positive constants and satisfying the 
inequality in the assumption of this Lemma. 

Next, we multiply f|TT]) by [u — tt*]"*" and have 

' (pmiiv — u)[u — uj^'^dy + — / yuy[u — u^]'^ dy a.e. on[0,T]. 
^ Jo 

Similarly, we see that 

= - (pmiiv - v)[v - v^]^ dy + — yvy[v~v^]^dy a.e. on[0,T]. 
Jo -5 Jo 

Here, elementary calculations lead to 

= 0m(7(^ - V*) - (m - u^)){[u - -[v - 

< <j)m{l{[v - V^]^) - {U- U^))\U - - (j)m{,l{v - V^) - [u - U^]^)[v - 

< C3m{\[u-u,]^\^ + \[v-v,] + \^) a.e. onQ(T), 

where Cg^ = 2(7^7 + (7^(7 + 1). 

From the above inequalities it follows that 

< CsU\[^~u,]''\h+\[v-v.] + \1) 
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^1 If— 1 4- 1 2 ^ I /|2 If— i + |2 

so that 



< (C3m + ^|s'|i^(o,T)(^ + ^)(|[M-^^*] + li + lb-t^*] + |^) a.e. on [0, 



Hence, by applying Gronwall's lemma we conclude that u < and f < 
a.e. on Q{T). Thus we have proved this lemma. □ 

Lemma 3.3. Under the same assumptions as in Proposition \3.1\ let {u, v) 
be a solution of SPm{s,Uo,Vo) on [0,T]. Ifu{t,x) = u{t,^) and v{t,x) = 
v{t, ^) for {t,x) G Qs{T), then the following inequality holds: 

-— [ \u — q\'^dx + —— [ \v — hl'^dx 

pS pS 

+1^1 / \ux\'^dx + / \vx\'^dx + 'i/j{u{-,s)){u{-,s) - g) 
Jo Jo 

+yi\ui; s) - g\' + 7k(-, s) - h\') + \jv - ul'^+'dx 

rs rs 

< —g / [u — g)dx — jh' {v — h)dx (17) 



-/ (pmhv - u){g - g^)dx + J (pmiiv - u){h - K)dx 

Jo Jo 
—s'g{u{-,s)—g)—'ys'h{v{-,s) — h) a.e. on [0,T]. 

Proof. Since (-u, v) is a strong solution of SPm(s, uq, vq), it holds that 

ut - K,iUxx = fm{u, v) in Q{T), (18) 

vt - K2Vxx = -fm{u,v) in Q{T), (19) 

u{0, t) = g{t), v{0, t) = h{t) for < t < T, 

-KiUxit, s{t)) = s'{t)u{t, s{t)) + ^{u{t, s{t))) for < t < r, 

-K2Vx{t, s{t)) = s'{t)v{t, s{t)) for < t < T, 

u{0, x) = Uq{x), t>(0, x) = Vo{x) for < a: < Sq. 
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Here, we multiply (ITS]) hj u — g and (IT^ by ^{v — h), and by using integration 
by parts and the boundary conditions we obtain 

\u{t) — g{t)\'^dx + Ki / |tti:(t)p(i2; 



2c^t _ „ 

s{t)) - g{t)\^ + ^{u{t, sit))){uit, s{t)) - git)) 

Mt) 

-s'{t)g{t){u{t, s{t)) - g{t)) - g\t) / {u{t) - g{t))dx 



and 



+ / fM-t),v{t)){u{t) - g{t))dx for a.e. t e [0, T] 



2dt / - 9{t)?dx + j \va^{t)\^dx 

+^s'{t)\v{t,s{t))-h{t)\^ 

-js'{t)h{t){vit, sit)) - h{t)) - 7/i'(t) / (v(t) - h{t))dx 



-1 I fni{u{t),v{t)){v{t) - h{t))dx for a.e. t e [0,T]. 



It is easy to see that 

fmiu, v){{u- g)- 'y{v - h)} 
= -<pm{iv - u){-iv -u) - (j)m{iv - u){g - g* + 7(/i* - h{t)} 
< -C^\-fV - - 4>m{iv - u){g - g^) - -f4>m{iv - u){K - v) a.e. on 

Combining these inequalities leads in a straightforward manner to the con- 
clusion of this Lemma. □ 

The aim of this section is to establish the existence and the uniqueness 
of a weak solution of SPm,(s, uq, vq) in case s G Vr^''^(0, T). Here, we define a 
weak solution of SPm(s, uq, vq) 

Definition 3.4. Let u, v be functions on Q{T) for < T < oo. We call that 
a pair {u,v} is a weak solution of SPm{s,uo,VQ) on [0,T] if the conditions 
(SSI) ~ (SS4) hold: 

(SSI) (n, v) e (W^'^O, T- X*) n V{T) n L°°(Q(T)))2. 
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(SS2) u- g,v-he L'^{0,T;X), u{0) = uq and v{0) = 



(553) / {ut,z)xdt+ -^UyZydydt+ {-u{-,l) + -^{u{-,l)))z{-,l)dt 
Jo Jq{t) s Jo s ^ 

s' _ 

{fm{u, v) + —yuy)zdydt for z e Vo{T). 

Q{T) s 

(554) / {vt,z)xdt+ / ^VyZydydt+ / —v{-,l)z{-,l)dt 
Jo Jq(t) ^ Jo ^ 

= / {-fni{u,v) + —yvy)zdydt for z G Vo{T). 
Jq{t) s 

Proposition 3.5. Lei T > 0, m > 0, s G W^i'^(0,T) with s(0) > 0, s' > 
a.e. on [0,T], g,h e iy^'2(0,T) with g,h > on [0,T] and uq,vq G 
L°°(0, 1) with uo,vo > a.e. on [0,1]. Then SPm{s,uo,vo) has a unique 
weak solution {u, v} on [0, T]. Moreover, [T^ holds a.e. on [0, T] with {u, v}, 
where u{t, x) = u{t, and v{t, x) = v{t, for (t, x) G Qs(T) . 

Proof. First, we take sequences C VF^'^(0,T), {uq^} C H^{0, 1) and 
{von} C H^{0, 1) such that s„ ^ s in W^'^{0,T) as ri ^ oo, 5^(0) = s(0), 
Sn>0 on [0, T] for n, Uon — )■ Uq and Von — )• z^o in i/ as n — )■ oo, < -Oon < 
|wo|l°°(o,i) + 1> < von < |?7oU->(o,i) + l on [0.1] and %n-^(0),^;on-/i(0) G X 
for n. Obviously, there exists a positive constant L such that < s(0) < 
5n < L on [0,T] for n. Then, Proposition 13.11 and Lemma 13.21 imply that 
SPrn{sn,uon,von) has a solutiou (tin, ^n) ou [0, T] and < -On < z/* and < 
Vn < f* on Q{T) for each t?,, where u^, and are positive constants satisfying 
> max{|txo|L=o(o,i) + 1, |^|l°°{o,t)}, t^* > max{|^;o|L°°(o,i) + I^|l°°(o,t)} and 
= 7^*. Moreover, by Lemma 13.31 and putting Un{t, x) = Un{t, j^) and 
Vn(t,x) = Vn{t, ^) for {t,x) G Qs„(T), we see that 

Id/"*" 7 d /■*" 

-— / \un — gl'^dx + —— I \vn — h\'^dx 

|2, 



2dtJo ' 2dtjo 



+ Ki / (ia; + K27 / l^nxl dx + ^p{Uni■,Sn))iUni■,Sn) - g) 

'o 
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1 f^" 

Sn)) - fi-l^ + l\Vn{-, Sn) - h\^) + j |7^n " Un\'^^'^da 
rsn rSn 

g' / {un - g)dx - -fh' / {vn - h)dx 
Jo Jo 



-/ (i)m{lVn-Un){g - g*)dx + -f (j)m{'-fVn - Un){h - K)dx 

Jo Jo 

-Sng{Un{-,Sn) - g) - -fs'^h{Vn{- , Sn) - h) a.e. On [0,7]. 

Here, we note that 

\(l>m{lVn -Un)\< (t>{lV^) - (t>{-U*) Q On Qsr,{T), 
i^{Un{-,Sn)){Un{-,Sn) - g) > 1p{Un{- , Sn)) - 1p{g) a.e. On [0,T], 

where ■0(r) = Jq i^iOdC for r e R. Then by using Young's inequahty we 
obtain 

7;-r / — 9 dx + —— / \Vn — ri\ dx 

+1^1 / |w„3;|^C?a; + ^2 / \Vnx\^dx + lp{Un{-,Sn)) 

Jo Jo 

1 

1 1 fSn rSn 

< i^{g) + ^{\gf + ^\hf) + ^{J^ \un-g\'dx + ^J^ \Vn-h\'dx) 

+C4 / {\g-g.\+'y\h-K\)dx + s'M + l\h\^) a.e. on[0,r]. 
Hence, by applying Gronwall's lemma we observe that 

{\unx\'^ + \vnx\'^)dxdt < C for n, 

where C is a positive constant independent of n. This implies that {"Un} and 
{vn} are bounded in ^^(0,7; i/^(0, 1)), since \uny {t)\'H = Sn{t) j;-^'^ \Unx{t)\'dx 
for t e [0,T]. 

Next, wc provide the boundedness of Unt and Vnt- Let rj & X. Then it is 
easy to see that 

1 

Untvdyl 
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{^;Unyy + —yUny + fm{Un, Vn))vdy\ 



< ^/ \Uny\\Vy\dy+'Mun{-A)v{l)\ + mUn{-,l)Hl)\ 

JO 

s' _ s' _ - - 

+ — I / Univ + yVy)dy\ + —\Un{-,l)v{^)\ + \ fm{Un,Vn))vdy\ 

< '^\uny\H\Vy\H + —u4r]{l)\ + \i/j{u,)\\r]{l)\ (20) 

s' s' 
+—M\v\H+\Vy\H) + —uM'^)\ + C^IvIh a.e on [0,T]. 

On account of the boundedness of {un} in L^(0, T; iJ^(0, 1)) we infer that 
{unt} is bounded in L^(0, T; X*). Similarly, {vnt} is also bounded in -L^(0, T; X*). 

From the above uniform estimates there exist a subsequence {rij} C {n} 
and {u,v) such that satisfies (SSI), Un u and — )■ v weakly* 

in L^{Q{T)), weakly in L2(0, T; i/i(0, 1)) and weakly in W^'^{0,T;X*) as 
j — > oo. Accordingly, Aubin's compactness theorem (see joj) implies that 
Urij — !■ u and — )■ ^; in L^(0, T; i^f) as j — oo. Moreover, Un^if) — > 'u(t) and 
^n if) ^{t) weakly in if as j — )■ oo for any t G [0,T], (SS2) is valid, and 
< -u < and < v < f * a.e. on Q{T). 

Now, I shall prove (SS3). Let z e Vo(T). Then it holds that 

nUntzdxdt+ ^UnyZydydt+ (—«„(-, 1) + —i^(M„(-, 1)))2;(-, l)rft 
= / {fm{un,Vn) + —yuny)zdydt for n. (21) 

Jq(T) 

Since s„ — s in C([0,T]), from the above convergences it is clear that 

nUn^tzdxdt / {ut, z)xdt, / ^UnjyZydydt / '^UyZydydt, 

/ {fm{unpVn^) +—yUn,y)zdydt I {fm{u,v) +—yUy)zdydt as j -> oo. 

^Q(T) ■Snj Jq(T) S 

We show convergences of the third and fourth terms in the left hand side of 
(I2TI) in the following way: 



(^i.„,(-,l)--n(-,l))z(-,l)dt| 
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Jo Srij S Jo ^ 

^ I I ^ /"'^ I '11- _ -|1/2|- _- |1/2| |1/2| |l/2,. 



"'n, S(0) Jo 



and 

^ 1 1 /-^l, 



1 1 



< / I mUn^{;l))M-A)\dt+ -mu^^{;l))-^{u{;mz{;l)\dt 

Jo ^rij S Jo ^ 

< HU,) [ \—--Mxdt+-^[ \Un^{;l))-{u{-,imz{-,l)\dt 

Jo ^n, S S[U) Jq 



< ipiu^) I \- -\\z\xdt+—^j \un^ - u\^J^'^\un^y - Uy\%'^\z\xdt ioi j, 



"'n, 



where C5 is a positive constant satisfying \ip{r) — ip{r')\ < C^\r — r'\ for 
< r, r' < u^. Hence, we conclude that (SS3) holds. Note that we can get 
(SS4) in a similar fashion. 

As next step, we prove the uniqueness of a weak solution to SPm(s, -uq, vq) 
on [0, T]. Let (mi, Vi) and (^2, ^2) be weak solutions of SPm(s, -Uq, Vo) on [0, T] 
and put u = Ui — U2 and v = Vi — V2 on Q{T). Then (SS3) implies that 

{ut, z)x + ^ / UyZydy + -u{-, l)z{-, 1) + 1)) - V(ti2(-, 1) 

= / ifmiuuvi) - fm{u2,V2))zdy + — yUyzdy foT z G X a.e. on [O^T]. (22) 

Jo "S Jo 



By taking z = tt in (1221) we have 

+ ^luyljj + '-^H; 1)P + -^(HM; 1)) - V^(^2(-, l))M; 1) 
< C'md^^l// + \v\h)\u\h + ^{uyl^i + ^\^'\'^\'^\h a-e. on [0,T] 
so that 

^^\u\h + ^I^vIh < + \v\h)\u\h + '^\^'\'^\^\h a-e. on [0,r]. 
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We can also obtain the inequality for v. Accordingly, by adding these two 
inequalities and Gronwall's inequality we show the uniqueness. 

Finally, in order to prove f|T7|) . we put u{t,x) = u{t,-^) and v{t,x) = 
v{t, ^) for (f, x) G Qs{T) and x) = ^) and x) = Vn{t, ^) 
for {t, x) G Qsn{T) and n. Then Lemma [373] guarantees the following inequal- 
ity: 



, , \un — q\ dx -\ / \vn — h\ dx 

2dtJo 2rft Jo 

+ 1^1 \Unx\'^dx + K2'y \Vnx\'^dx + 'llj{Un{-,Sn)){u{-,Sn) - g) 

Jo Jo 

1 Z"'^" 
+ Sn) - g\^ + l\Vn{-, S„) - h\^) + Q / |7^^n " 

^ JO 

< -g' / (^in - fl')c^a; - 7/1' / - h)dx (23) 
Jo Jo 



(t>m{lVn - Un){g - g*)dx + 7 / (j)m{lVn - Un){h - K)dx 

Jo 

-s'ng{un{-, Sn) - g) - '^sji{vn{-, s„) - K) a.c. ou [0, T], 

We integrate (j23l) on [0, ti] with respect to t for < ti < T. Then on account 
of the lower semi continuity of integral, we obtain by letting n ^ oo 



1 



s(ti) ps{ti) 

\u{h)-g{h)\^dx + ^ \v{ti)-h{U)\''dx 
^ Jo ^ Jo 

ns pti PS pti 

\ux\'^dxdt + K2'y / / \vx\'^dxdt+ / iIj{u{-, s)){u{-, s) — g)dt 
Jo Jo Jo 

+ 1 I ' s\\u{-, s) - g\^ + i\v{-,s) - h\^)dt + [ \iv- ul'^+^dxdt 



JO 



ptl PS Ptl PS 

/ gii'^'~ g)dxdt — / 7/1' / {v — h)dxdt 
Jo Jo Jo Jo 



< 



ns ptl PS 

(pmiiv — u){g — g^:)dxdt + 'J / / (j)m{iv — u){h — h^)dxdt 
Jo Jo 

- I {s'g{u{-, s)-g)+ -fs'h{v{-, s) - h))dt for < ti < T. 
Jo 
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< 



Relying on uniqueness, {u, v) is also a weak solution of the problem SPm(s, u{tQ),v{tQ 
on [to, T] for < < T. Hence, it holds that 

- \u{h) - g{h)\^dx + ^ \v{h) - h{t^)\^dx 

^ Jo Jo 

rti PS pti PS pti 

+Ki / / \uxfdxdt + ^2^7 / / \vxfdxdt+ / iIj{u{-, s)){u{-, s) — g)dt 

Jto Jo Jto Jo Jto 

rti pti PS 

+ - s'{\u{-,s)- g\'^ + -f\v{-,s)-h\'^)dt + C^ / \-fv - u\'^^^dxdt 
2 Jto Jto Jo 

pti PS pti PS 

/ g' {u- g)dxdt - -fh' {v- h)dxdt (24) 

Jto Jo Jto Jo 

tl PS pti PS 

/ 4>m{iv — u){g — g^)dxdt + / / <pm{'yv — u){h — h^)dxdt 
to Jo Jto Jo 

tl 

{s'g{u{-, s)-g)+ -fs'h{v{-, s) - h))dt for <to <ti <T. 

to 

Therefore, by dividing it by ti — and letting ti | Iq we can obtain (^^. 
Thus we have proved this Proposition. □ 

4. Interfaces propagate asymptotically like \/t as i — >^ oo 

In this section, we finally prove the main result - Theorem I2.2[ 

4.I. Proof of the existence of a weak solution 

We suppose (Al), (A2) and (A3). Then, since fm is Lipschitz continuous 
on IR for each m > 0, by Theorem 1.1 of [3] P(/m) has a unique weak solution 
{s,u,v} on [0,Tm] for some Tm > 0. 

First, we show that P(/m) has a weak solution on [0,oo). In fact, let 
[0, T^) be the maximal interval of existence of a weak solution of P(/m)- We 
assume that is finite. Obviously, Lemma \^72\ imphes that 

< u < and < v < on Qs(T^) 

so that s'(t) = ip{u(t, s{t)) < Tp{u^) for < t < T^, where and are 
positive constants given in the proof of Lemma 13.21 Accordingly, there exists 
a number s{T*^) > such that s{t) -> s(T^) as t t T^- Therefore, on 
account of ( !T7|) we infer that u,v E L^(0, T^; //^(0, 1)), where u and v are 
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functions defined by ([ID]). Similarly to u,v e W^'^{0,T;^; X*). This 

shows that there exist u{T;;J,v{T*^) e L~(0, 1) such that u{t) ^ u{T*^) and 
v{t) — )■ v(T^) weakly in if as 1 1 ^m- Hence, by applying Theorem 1.1 of [sj, 
again, we can extend the solution beyond T^. This is a contradiction, that 
is, P(/m) has a weak solution on [0, oo). Moreover, it is obvious the weak 
solution of P(/m,) is also a weak solution to P(/), in case m > jv^^ + u^:. Thus 
we have proved the existence of a weak solution to P(/) on [0, oo). □ 

4-2. Proof of the upper estimate for the free boundary position 

Let {s, u, v} be a weak solution of P(/) on [0, oo) and u and v are functions 
defined by ([ID]). Then (S4) leads to: 

K-i s'(t) s'(t) 

{ut{t), z)x + ^J^ Uy{t)zydy + {^u{t, 1) + -j^)zWt 
s'(t) 

= / {f{u{t),v{t)) H — —yUy{t))zdy for z G X and a.e. t G [0,oo). 
Jo 

Accordingly, by taking z = s'^y, we have 

{ut,s^y)x + 1^1 Uydy + ss'{u{-,l) + 1) 
Jo 

{f{u,v)s'^ydy + ss' / Uyy'^dy a.e. on [0,oo). 



It is clear that (see 0, Proposition 23.23]) 

d 

{ut, s^y) X = -f / us^ydy— 2uss'ydy, / us^ydy = / xudx a.e. on[0,oo). 
dt Jo Jo Jo Jo 



It follows that 



— f xudx + Ki I Uydy + ss' = f f{u,v)s'^ydy a.e. on [0,oo). (25) 
dt Jo Jo Jo 

We can obtain the similar equation for v to (1251) . Accordingly, we see that 

/ Uydy + K,2 / Vydy + ss' = a.e. on[0,oo). (26) 
Jo Jo 



d 
dt 



x{u + v)dx + Ki 
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By integrating it, it holds that 

i-sit) r-t nt Y 

I x{u{t) + v{t))dx + Ki / u{t, s{T))dT + K2 / v{t, s{T))dT + -s"^ (t) 

Jo Jo Jo ^ 

= I x{uo + Vo)dx + Ki j g{T)dT + K2 f h{T)dT + -si for tG [0,00). 
Jo Jo Jo 2 

Making use of the positivity of u and v, we observe that 

1 1 f^" 

-s(t)^ < -Sq + / x{uo + vo)dx + {nig* + K2h*)t fortG[0,oo), 

2 2 Jo 

where g* = \g\L°° (0,00) and h* = | /i| loo (0,00) • This inequahty guarantees the 
existence of a positive constant satisfying 

s{t) < C^t + 1 for t>0. □ 
Proof of the lower estimate for the free boundary. First, we show 



t PS 




\v^\'^dxdT < Ki{s{t) + 1) for t > 0, (27) 



JO 



where Ki is a positive constant. In fact. Proposition 13.51 imphes 

-j^ \u{t)-g{t)\^dx + jj^ \v{t)-h{t)\^dx 

l*t PS i*t ps pt 

+Ki I I \ux\^dxdT + K2''y / / \vx\^dxdT + I s'u{-,s)dT 
Jo Jo Jo Jo Jo 



1 f'^'^ ^ C''° 

< 2/^ \uo-gm^dx + i^j^ \vo-h{Q)\'dx 



l*t i*t i*s i*t ns 

+ / s' gdr — / g' I {u — g)dxdT — 7 / h' I (v — h)dxdT 
Jo Jo Jo Jo Jo 

l*t PS pt PS 

~ / (pi'jv — u){g — g^,)dxdT + 'J / / (l){'yv — u){h — h^,)dxdT 
Jo Jo Jo Jo 

- / {s'g{u{-,s) - g) +js'h{v{-,s) - h))dT 







< - / \uo - g{0)\^dx + - / \vo - h{0)\'^dx (28) 



17 



2 Jo 2 Jo 



+g*{s{t)-so) + {u, + g*)s{t) [ \g'\dr + ^{v. + h*)s{t) [ \h'\dT 

Jo Jo 

+s{t)Ci{ I \g — g^\dxdT + I \h — h^,\dxdr) 

Jo Jo 
+ {g*{u, * +g*) + 7/i*(i;, + h*)){s{t) - sq) for t > 0. 

Obviously, by (A2) we can take a positive number Ki satisfying fl27|) . 
Recalling fl2Bl) . we have 

/■* /■ 1 



/ x{uq + t;o)c^a; + /€i / ^(r)dr + -si 
Jo Jo ^ 



> Kigot for t > 
so that 

i^i9ot < \v^\'^dxdry/^{s{t)tY/^ + [u^ + v^) xdx + -s'^{t) 

jQsit) Jo ^ 

Kq Jo 



K/n 'J 



< K2(s(t) + l)s(t) + ^t fort>0, 
where is a positive constant. Then it holds that 

< K2s{tf + ^ + ^Klsitf for t G [0,T]. 
Hence, it is easy to see that 

< + ^Kl)s{tf for f > 1. 
In case < t < 1, we have 

■SoV^ < So < 

Thus we have now completed the proof of the Theorem. □ 
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